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We prove a simple theorem on the overlap of the wavefunctions of a manybody system with and without
a single impurity and show how, and under which conditions, this leads to the “Orthogonality Catastrophe”
(OC) described by Anderson. A compact new derivation of the known result for the OC exponent in a free
electron gas, α = 2
∑
l
(2l + 1)(δl(ǫf )/π)
2 is given. We also introduce a simple way of calculating core level
photoemission (XPS) lineshapes from the finite size scaling of groundstate energies, reproducing and extending
results previously derived using boundary conformal field theory. Different conditions under which the OC fails
are discussed, and simple physical predictions for XPS lineshapes made in each case.
The problem of a single localized electronic state — proto-
typically a core orbital — embedded in a many body system
(of electrons or phonons) occurs in many different contexts.
The simplest case, in which the state couples to other excita-
tions through Coulomb interaction alone, can be recast as an
impurity problem, and transitions involving the localized level
occur at rates determined by matrix elements between states
of the manybody system with and without the impurity. The
spectral properties of such localized states can be measured by
X–Ray photoemission (XPS) and provide a powerful, if indi-
rect, probe of the (low energy) charge carrying excitations of
the manybody system in which it resides.
An example of how this manybody effect comes into play is
provided by XPS spectra of core levels in many simple metals.
The expected sharp symmetric peak at the binding energy ǫd
of the core level is converted into a powerlaw singularity of
the form P (ω) ∼ 1/(ω − ǫ′d)1−α, where α ∼ 0.1, broadened
by the finite lifetime of the core hole to give an “asymmetric
Lorentzian” peak [1]). This powerlaw behavior was predicted
by Anderson [2] on the basis of the Orthogonality Catastrophe
(OC) — the observation that the overlap of the groundstates of
a free electron gas with and without a single impurity vanish
as |O0| ∼ 1/L
α/2 in the thermodynamic limit L→∞, where
L is the largest characteristic length scale of the system.
The OC has proved an extremely robust and important piece
of physics, with consequences for metallic systems reaching
far beyond the simple “single impurity” problem discussed
above. It and related issues have been treated exhaustively by
many authors — for a review see e. g. [4]. In this paper we ad-
dress the question of what new features might be found in the
spectra of core levels coupled to many electrons systems un-
like conventional metals, by looking considering several sce-
narios in which the OC can fail. Each of these has different
and potentially observable consequences for XPS spectra.
We will work with the simple model Hamiltonian
H = H0 + d
†dǫd + dd
†V (1)
where d† is the creation operator for a localized state of bind-
ing energy ǫd and V is an impurity potential of the form
V =
∫
dxV (x)ρ(x) (2)
(ρ is the density of electrons). XPS will be treated in the
sudden approximation, within which the photoelectron yield
P (ω) is determined by the spectral function of the localized
state Ah(ω) =
∑
n | 〈n | d | 0〉 |
2 δ(ω − ǫn + ǫ0) where | 0〉
is the groundstate of the entire system with the localized state
filled, and {| n〉} a complete set of eigenstates for the system
with the localized state empty.
We begin by giving a proof of oft cited fact that the overlap
between the ground state of the many electron system with-
out the impurity and the eigenstates of the system with the
impurity present are exponentially small in the number of ex-
citations which separate them. This leads directly to an un-
derstanding of both the necessary conditions for the OC to
occur and a new way of calculating XPS lineshapes represen-
tative of the cases in which it fails. Our treatment provides a
bridge between the physical picture of OC effects put forward
by Hopfield [5] and a number of powerful results previously
found by the use of boundary conformal field theory (BCFT)
[6].
A theorem on the overlap of manybody wavefunctions. We
consider a many electron system initially in its groundstate
H0 | Ψ0〉 = E0 | Ψ0〉. At time t = 0 an impurity potential V
is suddenly “switched on”. The suddenness of the switching
implies that the system remains in the state | Ψ0〉, which in
general is no longer an eigenstate and evolves instead accord-
ing to H = H0 + V .
We may express this sudden switching as :
〈Ψ(t = 0−) | Ψ(t = 0+)〉 = 〈Ψ0 | Ψ0〉 = 1 (3)
Inserting a complete set of states H | m〉 = ǫm | m〉 (at this
stage for clarity we will drop all quantum numbers except the
principle quantum number m — they may be restored at will)
and writing Om = 〈m | Ψ0〉 we find
| O0 |
2 +
∑
m>0
| Om |
2= 1 (4)
where we have singled out the overlap O0 of the old and new
ground states.
We now introduce two (real, positive) functions,
| O(ǫm) |=| Om | D(ǫ) =
∑
m
δ(ǫm − ǫ) (5)
1
which respectively characterize the overlap of the ground state
with the mth eigenstate of the perturbed system, and the den-
sity of excitations created by the impurity. Both functions are
assumed to be at least piecewise continuous and smooth. We
then recast Eqn. (4) as
| O0 |
2= 1−
∫ ∞
ǫ1
dǫD(ǫ) | O(ǫ) |2 (6)
where ǫ1 is the lowest excitation energy of the system. In
order to be able to make contact with field theory we will
assume that the smallest energy spacing is inversely propor-
tional to the length of the system — ǫ1 = (2)πv/L, where v
is a characteristic velocity — throughout this article [3]. The
ground state of the perturbed system is taken to be unique,
and to have the same overlap with the ground state as the un-
perturbed system as the first excited state (O0 = O1). This
follows from the smoothness of O(ǫ) if we restrict ourselves
to the limit ǫ1 → 0. We will consider the case of finite ǫ1
separately bellow.
We can then differentiate formally on ǫ1 to obtain
∂ | O(ǫ) |2
∂ǫ
= D(ǫ) | O(ǫ) |2 (7)
and impose the physical “boundary condition” | O(∞) |= 1
to obtain the solution
| O(ǫ) |2= e−N(ǫ) N(ǫ) =
∫ ∞
ǫ
dǫD(ǫ) (8)
where N(ǫ) ≥ 0 is a monotonically decreasing real function
subject to the boundary condition N(∞) = 0, and has the
interpretation of the number of excitations excited by the sud-
den switching of the impurity with energy greater than ǫ. The
overlap between the two ground states is then exponentially
small in the total number of excitations produced by the im-
purity. This is the theorem.
It is very easy at this stage to restore the quantum numbers
for conserved quantities in the problem (for the free electron
gas, different angular momentum scattering channels). The
overlap factorizes and Eqn. (8) then applies separately in each
channel, i. e.
| O(ǫ) |2= e−
∑
l
nlNl(ǫ) (9)
where nl is the degeneracy associated with the lth channel
The Orthogonality Catastrophe. It is easy now to show that
the Anderson OC is a special case of the result Eqn. (8); how-
ever we must first find a way of characterizing D(ǫ). We first
consider the case where this is a analytic function, with lead-
ing behaviour 1/ǫ in the limit ǫ→ 0 :
D(ǫ) =
α
ǫ
+ β + γǫ+ . . . (10)
This form can be shown to be correct for the free electron gas
for any sensible choice of V (x); consequences of deviations
from this behaviour will be considered separately below.
It follows immediately from the definition Eqn. (8) that
N(ǫ1) ∼ −α ln
( ǫ1
ǫ
)
+∆N(ǫ1) (11)
where ǫ = 2πv/a is an ultraviolet cutoff of order the band-
width. If in the limit ǫ1 → 0 (L → ∞), ∆N(ǫ1) → ∆N , a
constant, we then recover the OC
| O0 |= A
( a
L
)α/2
(12)
where all information about the nonuniversal high energy
physics of the problem is hidden in the cutoff scale a and pref-
actor A = e−∆N .
To get from the new ground state back to the old we must
dissipate all the excitations created by the impurity. This im-
plies that
∆E0 =
∫ ∞
ǫ1
dǫǫD(ǫ) (13)
where we have neglected a contribution 〈Ψ0 | V | Ψ0〉 which
is a) independent of the system size for fixed density and b) in-
volves no excitations, and so plays no part in these arguments.
Substituting Eqn. (10) in Eqn. (13), we see that in general
the OC exponent is defined by
α = − lim
ǫ1→0
∂∆E0
∂ǫ1
(14)
and that the existence of this limit is a sufficient condition
for the OC to occur. This result is valid to all orders in the
impurity strength, and is exactly equivalent to that found by
BCFT [6], usually expressed as
α =
L | ∆E0 |
πv
(15)
where the bulk contribution to ∆E0 is assumed to have been
subtracted in advance.
We can apply equation Eqn. (14) directly to the case of
the spinfull free electron gas by directly substituting Friedel’s
result for the change in groundstate energy due to the impurity
in terms of phase shifts
∆E = 2
∑
l
(2l + 1)
∫ ǫf
0
dǫ
π
δl(ǫ) (16)
and keeping track of the leading correction to the Fermi en-
ergy δǫf = vδkf = −vδ(ǫf )/L. Then to leading order in
1/L :
α = − lim
ǫ1→0
∂
∂ǫf
2
∑
l
(2l + 1)
∫ ǫf
0
dǫ
π
δl(ǫ)×
∂ǫf
∂ǫ1
= 2
∑
l
(2l + 1)
[
δl(ǫf )
π
]2
(17)
as found by Nozie´res and de Dominicis [7].
In this and many other cases we can obtain a satisfactory es-
timate of ∆E0 from second order perturbation theory, which
2
becomes exact in models for which the itinerant electrons be-
have collectively as simple harmonic oscillators. Then,
∆E
(2)
0 =
∫ ∞
ǫ1
dǫ
2π
R(ǫ)
ǫ
(18)
R(ǫ) = −2
∑
q
| Vq |
2 ℑ
{
χRρ (q, ǫ)
} (19)
where Vq is the Fourier transform of V (x) and χRρ (q, ǫ) the
retarded charge susceptibility of the many electron system. To
this order D(ǫ) = R(ǫ)/2πǫ2. The functionR(ǫ) must be odd
and is in general analytic, i. e.
R(ǫ) = αB ǫ+ γB ǫ
3 + . . . ǫ→ 0 (20)
For a free electron gas perturbed by a delta function potential
of strength V0, αB = n20 | V0 |2, where n0 is the electron
density of states at the Fermi energy, and the coefficient γB
depends on the details of the band structure, impurity poten-
tial, etc.
Failure of the Orthogonality Catastrophe. The OC occurs
because of an infrared divergence in the number of excitations
produced by a single impurity in a many electron system in
the limit L → ∞. Common sense dictates that the change in
ground state energy ∆E0 due to the introduction of the impu-
rity must be finite. This rules out any analytic form of D(ǫ)
which diverges faster than 1/ǫ in the limit ǫ → 0. On the
other hand a logarythmic correction to Eqn. (10) — for exam-
ple a leading term of the form D(ǫ) = α ln(ǫ/ǫ′)/ǫ — could
give rise to a “hyper” orthogonality catastrophe in which the
ground state overlap vanishes faster than 1/Lα, whilst ∆E0
remained finite [8].
The orthogonality catastrophe will only fail (O0 6= 0) if
the number of excitations produced by the impurity remains
countable. Since this means that there can be no 1/L term
in the finite size corrections to ∆E0 for L → ∞ it imposes
a stringent condition on the eigenstates of the perturbed sys-
tem; in particular there can be no simple electronic scattering
states at the chemical potential. Of course this second sce-
nario cannot be precluded, and we now consider some simple
circumstances in which it applies.
We can characterize the OC in a regular metal with some
generality by neglecting all but the leading term in Eqn. (10)
and once again imposing a bandwidth cutoff ǫ, which is equiv-
alent to making the ansatz
D(ǫ) =
α
ǫ
θ(ǫ − ǫ) [Case I] (21)
This gives a groundstate overlap | O0 | scaling towards or-
thogonality according to Eqn. (12), with the non–universal
prefactor A = 1.
We now consider the simplest “failure case” for the OC,
one in which the lowest excitation energy of the system ǫ1
remains finite due to the existence of a gap ∆ = 2πv/ξ0. We
can represent this case by the ansatz :
D(ǫ) =
α
ǫ
θ(ǫ −∆)θ(ǫ − ǫ) [Case II] (22)
which we denote as an “s–wave” gap, and according to
Eqn. (8) the overlap between the perturbed and unperturbed
groundstates then remains finite :
| 00 |=
(
∆
ǫ
)α/2
=
(
a
ξ0
)α/2
(23)
As set out above, it is not immediately obvious that our deriva-
tion of Eqn. (8) still holds for finite ǫ1, but this can eas-
ily be understood to be the case on physical grounds. Since
there are no excitations between ǫ = 0 (the groundstate) and
ǫ = ǫ1 there can be no change in the size of the overlap,
i. e. | O1 |≡| O0 |
We can also envisage a scenario in which the many elec-
tron system does have low energy excitations, but the OC is
frustrated because the number these excited by the impurity
remains countable. This follows trivially if the leading term
in the expansion of D(ǫ → 0) is not α/ǫ but γǫ, which is
the case, for example, in a “d–wave” superconductor at zero
temperature [9]. We assume that once again there is some en-
ergy scale ∆ at which the system crosses over to conventional
“metallic” behavior and characterize this case by the ansatz
D(ǫ) =


αǫ/∆2 0 < ǫ < ∆
α/ǫ ∆ < ǫ < ǫ
0 ǫ > ǫ
(24)
which for simplicity we will denote as a “d–wave” gap. The
overlap of the groundstates is given in this case by
| 00 |=
(
∆
ǫ
)α/2
e−α/4 =
(
a
ξ0
)α/2
e−α/4 (25)
which is once again finite. We consider the consequences of
both of these failure cases for XPS spectra below.
Calculation of XPS lineshapes. The spectral function for
the localized level can be shown to depend only on the over-
laps of the eigenstates of the perturbed many electron system
with its unperturbed groundstate and their relative energies
(all of which are offset by ǫd). Then, using the result Eqn.
(8), we find
Ah(ω) = 2πe
−N(ǫ1)δ(ω)
+2πθ(ω − ǫ1)
∂e−N(ω)
∂ω
(26)
where ǫ′d = ǫd + ∆E0, and N(ǫ) is defined as above with
N(∞) = 0. We will henceforth set the threshold for pho-
toemission (ǫ′d) to zero. It follows from the definition (26)
that the spectral function is automatically correctly normal-
ized (∫ dωAh(ω) = 2π).
The powerlaw singularity in XPS spectra associated with
the OC can be reproduced simply by substituting the ansatz
Eqn. (21) into Eqn. (26) to yield
Ah(ω) =
2πα
ǫ
(
ǫ
ω
)1−α
θ(ω)θ(ǫ − ω) (27)
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FIG. 1. XPS lineshapes for a “metal” (Case I), and for the two
OC failure cases “s–wave” gap (Case II) and “d–wave” gap (Case
III) made by by convoluting the appropriate prediction for Ah(ω)
with a Lorentzian of width γ = 0.05. The bare asymmetry exponent
α = 0.1 in each case, and the gap parameter ∆ = 0.25. All energies
are measured in units of the band cutoff ǫ.
A mock XPS lineshape made by convoluting this prediction
with a Lorentzian to mimic finite core hole lifetime is illus-
trated in Figure 1. It is also possible to use a soft bandwidth
cutoff (D(ǫ) = αǫ exp[−ǫ/ǫ]), in which case we recover a
normalized form of the familiar Doniach–Sunjic lineshape.
We now consider the consequences of the “s–wave” gap
(Case II, above). On physical grounds we anticipate that the
failure of the OC (finite ground state overlap) leads to the
restoration of a δ–function peak at threshold. Spectral weight
is transferred the tail of the line to this threshold singularity
over a range of energies corresponding to the gap.
The ansatz Eqn. (22) leads directly to the spectral function
Ah(ω) = 2π
(
∆
ǫ
)α
δ(ω)
+
2πα
ǫ
θ(ω −∆)θ(ǫ − ω)
(
ǫ
ω
)1−α
(28)
In general XPS lines for gapped systems are shifted to a lower
binding energy than the corresponding “metal”; within this
simple model the relative shift in the core line threshold due to
the opening of the gap is proportional to the gap : ∆ǫd ∝ α∆.
The new prediction for an XPS lineshape, including the appro-
priate shift, is illustrated in Figure 1. The delta function at the
new threshold energy leads to a marked “sharpening” of the
line, even after finite core lifetime has been allowed for. Al-
though our terminology “s–wave” is driven by consideration
of superconducting systems, the parameters chosen for illus-
tration here may be of more relevance to systems undergoing
a charge density wave or metal–insulator transition.
We have checked that the ansatz Eqn. (22) reproduces the
essential features of a real gapped system by calculating line-
shapes and shifts numerically for both a semiconductor and a
superconductor, within a more conventional perturbative sec-
ond order cumulant expansion. The details of these cases will
be reproduced elsewhere [9], as the discussion is much simpli-
fied by using Eqn. (26) together with a simple analytic form
for D(ǫ). Convolution with a Lorentzian of realistic width in
any case makes corrections to all except the prefactor on the
δ–function unobservable.
We expect the spectral function for the “d–wave” gap (Case
III), to behave in a broadly similar way, but to be shifted by a
smaller amount relative to the metal and to exhibit additional
spectral weight in the gap region 0 < ω < ∆, with corre-
spondingly less weight in the threshold delta function. These
expectations are fulfilled by the spectral function which fol-
lows from the ansatz Eqn. 24 :
Ah(ω) = 2π
(
∆
ǫ
)α
e−α/2δ(ω)
+


2παω
∆2
(
∆
ǫ
)α
e
−α/2
[
1−( ω∆ )
2
]
0 < ω < ∆
2πα
ǫ
(
ω
ǫ
)1−α
∆ < ω < ǫ
0 ω > ǫ
Once again the corresponding XPS lineshape is illustrated in
Figure 1.
Conclusions. Reconsidering Anderson’s OC, we have
shown that powerlaw scaling towards orthogonality is only
one of a number of possible outcomes for the groundstate of
many electron system perturbed by a single impurity. The
OC may fail due to the absence of low energy excitations in
the perturbed system or because too few of them are excited.
By formulating an explicit relation between the scaling of the
groundstate energy with system size and the spectral function
for the impurity state, we are able to extend the known BCFT
result for the exponent of the core level spectral function at
threshold to the calculation of structure in the spectral func-
tion at finite energies, and to explore the consequences of two
simple failure cases of the OC for XPS lineshapes. The pre-
dicted modification of XPS lineshapes should be measurable
in systems undergoing charge density wave or metal insula-
tor transitions where gap scales are large compared with core
hole lifetimes; the associated shift in lines may be measurable
for superconducting systems with much smaller gaps.
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